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(E8) X=Y = Y=X
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Definition Link := string.
Inductive Atom : Type :=
| AAtom (name:string) (links:list Link).

Inductive Graph :
| GZero
| GAtom (atom:Atom)
| GMol (gl g2:Graph).

Type :=

Inductive Rule : Type :=
| React (lhs rhs:Graph).

Inductive RuleSet :
| RZero
| RRule (rule:Rule)

Type :=

| RMol (r1 r2:RuleSet).
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Definition wellformed_g (g:Graph) : Prop :=
forallb (fun x => Nat.leb
(multiplicity (link_multiset g) x) 2)
(unique_links g) = true.

Lemma wellformed_g_forall:
forall g, wellformed_g g <->
forall x, In x (links g) ->
(multiplicity (link_multiset g) x) <= 2.

o J
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Definition wellformed_r (r:Rule)
match r with
| {{ihs :- rhs}} =>
link_list_eq
(freelinks lhs) (freelinks rhs)
end.

: Prop :=
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Example cong_example’ :
forall p X V,

H{ pX,X 3 = {{ p(¥,V) }}.
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Ltac solve_refl :=
repeat unfold wellformed_g, wellformed_r,
freelinks, locallinks, unique_links;
simpl; repeat ((rewrite Leq_dec_refl

|| rewrite eqb_refl); simpl); auto.

% auto X7 T4y 7 DRbHICHNS Z 2T,
7 b aBRV U IADEEDOLE & FAICEEHT %
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Reserved Notation "p == q" (at level 40).
Inductive cong : Graph -> Graph -> Prop :=
| cong_E1 : forall P, wellformed_g P -> {{GZero, P}} ==
| cong_E2 : forall P Q, wellformed_g {{P, Q}} -> {{P, Q}} == {{Q, P}}
| cong_E3 : forall P Q R, wellformed_g {{P, (Q, R)}} > {{P, (Q, R)}} == {{(P, Q), R}}
| cong_E4 : forall P X Y, wellformed_g P -> wellformed_g {{ P[Y/X] }} —>
In X (locallinks P) -> P == {{ P[Y/X] }}
| cong_E5 : forall P P’ Q, wellformed_g {{ P,Q }} -> wellformed_g {{ P’,Q }} —>
p==pP > {{P,Q 1} =={{P,Q}}
| cong_E7 : forall X, {{ X = X }} == GZero
| cong E8 : forall X Y, {{X=Y }}=={{Y=X1}}
| cong_E9 : forall X Y (A:Atom), wellformed_g {{ X =Y, A }} -> wellformed_g {{ A[Y/X] }} ->
In X (freelinks A) —> {{ X =Y, A }} == {{ A[Y/X] }}
| cong_refl : forall P, wellformed_g P -> P ==
| cong_trans : forall P Q R, wellformed_g P -> wellformed_g Q -> wellformed_g R ->
P==Q->Q==R ->P ==
| cong_sym : forall P Q, wellformed_g P -> wellformed_g Q -> P == -> Q ==
where "p ’==’ q" := (cong p q).
- /
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Reserved Notation "p ’-[’> r ’]->’ q"
(at level 40, r custom lmntal at level 99, p constr, q constr at next level).
Inductive rrel : Rule -> Graph -> Graph -> Prop :=
| rrel_R1 : forall G1 G1’ G2 r,
wellformed_g {{G1,G2}} -> wellformed_g {{G1’,G2}} -> wellformed_r r ->
Gl -[r1->G1> -> {{G1,G2}} -[ r 1-> {{G1’,G2}}
| rrel_R3 : forall G1 G1’ G2 G2’ r,
wellformed_r r ->
G2 ==Gl ->G1> ==G2> >G1 -[r]1->G1> ->G2 -[ r 1> G2’
| rrel_R6 : forall T U,
wellformed_g T -> wellformed_g U -> wellformed_r {{ T :- U }} ->
T-[LT:-UJ1->TU
where "p ’-[’ r ’]->’ q" := (rrel r p q).
o J
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Example rrel_example :
{{ "a"(), "b"("Z"), "C"("Z") }} CZ{EZL’C, :.h% (R6) @:J: Dﬁ—\‘j_, (\:,L\‘Bﬁﬂbz
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{ "a"O, "a"O .

a(),b(2),c(Z2) =b(2),c(2),a(d
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T TIREET 2, BIEY LTI %3 ERHA o5, ¥/, LD solve_refl X7 T 4y %

522 T, 7r2HEV Y IHREEBIILESGE



Example cong_example :
Proof.

{{ npn(nxusnxu) }} == {{ "p"("Y","Y") }}.

replace ({{ "p"("Y","Y") }}:Graph) with {{ "p"("X","X")["Y"/"X"] }}; auto.

apply cong_E4; unfold wellformed_g; auto.
simpl. auto.
Qed.
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Example cong_example_var :
Proof.

forall p X Y, {{ p(X,X) }} == {{ p(Y,Y) }}.

intros p X Y. replace ({{ p(Y,Y) }}:Graph) with {{ p(X,X)[Y/X] }}.

- apply cong_E4; solve_refl.
- solve_refl.

Qed.
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F IS AR cong DEFED S (E8) DAZH
D BRW 72 #7272 FMERI R congm 2 EHKT 5. MUT,
cong %==, congm ¥==m CHRiLT 5. atHTNEE
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Theorem congm_cong_iff :
forall P Q, P == Q <-> P ==m Q.

Z DFEHHIZ cong ¥ congm 1283 2 SR IRAATELS
X D175 23, (E8) ALOFHANC OV TIEAEWIZHIG
FTHHARES Zrick h BHTH 20T, FHMIC
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Lemma congm_E8 :
forall X Y, {{X = Y}} ==m {{Y = X}}.




Theorem inv_rrel: forall r G G’, G’ -[r]-> G
-> let inv_r := inv r in G -[ inv_r ]-> G’.
Proof.

intros r G G’ H. simpl.

induction H.
- apply rrel_R1; auto.
- apply rrel_R3 with (G1’) (G1); auto.

- apply rrel_R6; auto.
Qed.
Lemma inv_inv : forall r, inv (inv r) = r.
Proof. intros [lhs rhs]. reflexivity. Qed.

<-> let inv_r := inv r in G -[ inv_r ]-> G’.
Proof.

intros r G G’. split.

- apply inv_rrel.

Qed.

-

assert (A: wellformed_r r -> wellformed_r (inv r)).
{ simpl. destruct r. apply link_list_eq_commut. }

+ apply cong_sym; auto; apply cong_wellformed_g in H1l; destruct H1; auto.
+ apply cong_sym; auto; apply cong_wellformed_g in HO; destruct HO; auto.

Corollary inv_rrel_iff: forall r G G’, G’ -[r]-> G

- simpl. intros H. apply inv_rrel in H. rewrite inv_inv in H. apply H.
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Lemma get_fresh_link _X_Y:
forall (X Y: Link),
exists Z, X <> Z /\ Y <> Z.

F72, ==m Oj3IZ well-formed TH 2 NEDDH 3
2, FRROAHTIEIIRINCEER L TWisho/z, Z
oW TH, Coq DAFIATIXZE—RIDELD 5.
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Lemma connector_wellformed_g :
forall X Y, wellformed_g {{ X = Y }}.

Mz T, z=X, Z=Y % well-formed TH 3 Z & b1
BT D, EL, 2B YOVWThheELWES
121X z=X, Z=Y X well-formed T# < 725D T, Hite
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Lemma wellformed_g_zx_zy:
forall X Y Z,
X<>Z ->Y<>Z >
wellformed_g {{Z = X, Z = Y}}.
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