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Interval arithmetic libraries provide the four operators on the argument intervals whose bounds are floating-point numbers.
A returned value of the operators is another interval that contains every true values computed from the real values within
the arguments, plus rounded errors caused by the computation at the bounds. In general, an actual implementation should
be complicated because of large case analysis and round operations. As the existing code bases are implemented by human
hands, their correctness is not obvious, which come to be critical for the reliability. This work provides a mechanically
verified implementation of the interval arithmetic library. For the verification, we utilize the Why3 platform and generates the
verification conditions (VCs) from the specification; then, the Alt-Ergo SMT solver and the Coq proof assistant are applied
to the VCs to discharge all of them. To discharge all VCs, we use three strategies, (1) Restatement in the real theory, (2) Split
into the lower and upper part, and (3) Lemmas on intermediate variables. Finally, a mechanically-verified and executable
implementation of the interval arithmetic is provided.
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module IntervalMulExact

1

2 use import real.Real

3

4 type interval = { inf: real; sup: real }
5 invariant { self.inf <= self.sup }

6

7 predicate _in (a: real) (x: interval) =
8 x.inf <= a <= x.sup

9

10 let make_zero () : interval

1 ensures { _in 0. result }

12 = {inf = 0.; sup = 0. }

13

14 let multiply (x y: interval) : interval
15 ensures { forall xx yy: real.

16 _inxx x /\ _inyy y ->

17 _in (xx * yy) result }

18 = if x.inf >= 0. then

19 if x.sup = 0. then make_zero ()

20 else

21 if y.inf >= 0. then

2 if y.sup = 0. then make_zero ()
23 else

24 { inf = x.inf * y.inf;

25 sup = X.sup * y.sup }

26 else

27 ¢ og )

28 | end
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x.inf, x.sup, y.inf, y.sup € R
Hp : x.inf < x.sup
Hp : 0 <x.inf

Hy:0<y.inf

H:y.inf <y.sup

H;y:x.sup#0

Hs:y.sup #0
Hg:x.inf-y.inf < x.sup-y.sup

xx, yy €R Hy :x.inf < xx < X.sup

Hg:y.inf <yy <y.sup

x.inf-y.inf < xx-yy < x.sup-y.sup
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is_plus_infinity x X = +00

double_le_real x y x<y(xeF,yeR)
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v(xy) (F*XF* - F*)

ge_zero x
is_gen_zero x
mul_down x y
mul_postdxyr r =mul_down x y
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module IntervalMulRounded

use import real.Real
import floating_point.Rounding
import floating_point.SpecialValues
import floating_point.DoubleFull
import double_wrapper.DoubleWrapper

use
use
use
use

type interval = { inf: double; sup: double }
invariant { (is_finite self.inf \/ is_minus_infinity self.inf)
/\ (is_finite self.sup \/ is_plus_infinity self.sup) /\ le self.inf self.sup }

predicate _in (a: real) (x: interval) = double_le_real x.inf a /\ real_le_double a x.sup

let make_zero () : interval
ensures { _in 0. result }
{ inf = double_zero; sup = double_zero }

let whole () : interval
ensures { forall r:real. _in r result }
{ inf = minus_infinity; sup = plus_infinity }

let multiply (x y: interval) : interval
ensures { forall xx yy: real. _in xx x /\ _in yy y -> _in (xx * yy) result }
if ge_zero x.inf then
if is_gen_zero x.sup then
if is_infinite y.inf || is_infinite y.sup then whole () else make_zero ()
else
if ge_zero y.inf then
if is_gen_zero y.sup then

30 if is_infinite x.inf || is_infinite x.sup then whole () else make_zero ()
31 else

2 (* DoOoDooooooooo ®

33 { inf = mul_down x.inf y.inf; sup = mul_up Xx.sup y.sup }

34 else

35 - oag )

end

02 0000000000 0O00000.000000000 miltiplyd 500000000.

ooooooo.ooo ve€ oooo 1700
x 0 (24)
vCO 400000000000 f1a.
goooobboboogb,Coqoonooon ve
godoooooo.0ooooooooobooooa

OD00O,why300O0000000 CoqOOOS5.20

DDDDDDDDDDDDD.I:II][I,VC*CD(24)[I
CoqOOOOODODOOD4000. DOOODODDO

gooooo,0boooboooboooooooboo
goboooooooo,01ob000b0o0c0ooao

13 00 SMTOOOO (O:Z30 cve4oooooo
oooo.

000000000000000000. 00 F O
000000000000000000,00 CoqO
000000000000000.0000,5.20
000,00000@:0 G200 6G3)0000
000,FO000000000000000.000
00,000000000000000,000 veO
00000000000O0.

7 000000000

ooooobooooooooboooyvecooooo
goooo,bcobooboboocoboo.obooooo



((is_finite xinf) \/
((is_finite xsup) \/
((is_finite yinf) \/
((is_finite ysup) \/

(' 0Ooog
(ge_zero xinf) -> (~

¢ ooooo

forall (xx:R) (yy:R),

forall (xinf:double) (xsup:double) (yinf:double) (ysup:double),
(is_minus_infinity xinf)) /\
(is_plus_infinity xsup)) /\ (le xinf xsup) /\
(is_minus_infinity yinf)) /\
(is_plus_infinity ysup)) /\ (le yinf ysup) ->

(is_gen_zero xsup)) -> (ge_zero yinf) -> (~ (is_gen_zero ysup)) ->

forall (rinf:double), (mul_post Down xinf yinf rinf) ->
forall (rsup:double), (mul_post Up xsup ysup rsup) ->
((is_finite rinf) \/ (is_minus_infinity rinf)) /\
((is_finite rsup) \/ (is_plus_infinity rsup)) /\ (le rinf rsup) ->

(_in xx (mk_interval xinf xsup)) /\ (_in yy (mk_interval yinf ysup)) ->
(_in (xx*yy) (mk_interval rinf rsup)).

03 why30ODOODOODODO vee

X.inf, x.sup, y.inf, y.sup € F*
Hy:x.infeF Vv x.inf = —o0
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:r.inf = v(x.inf - y.inf)
:r.sup = A(X.sup - y.sup)
:r.infeF Vv r.inf = -0
:r.sup €F V r.sup = +
Hy4:r.inf < r.sup

XX, yy €R His:x.inf < xx < x.sup

Hig:y.inf <y.sup

r.inf < xx-yy < r.sup
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assert { forall xinf xsup yinf ysup : real.

xinf >= 0. -> xsup <> 0. ->



yinf >= 0. -> ysup <> 0. ->

forall xx yy : real.

xinf <= xx <= xsup ->
yinf <= yy <= ysup ->
xinf*yinf <= xx*yy <= xsup*ysup };
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v _  0poO00000,000000000

O (2.4)
ooooooon,

assert { forall rinf : double.
rinf = mul_down x.inf y.inf ->
forall xx yy : real.
_in xx X -> _inyy y ->
double_le_real rinf (xx*yy) };
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1 let multiply (x y: interval) : interval

2 (¢ 000ooooo

3 = if not ge_zero x.inf &&

4 not le_zero x.sup then

s if not ge_zero y.inf &&

6 not le_zero y.sup then

7 let infl = mul_down x.inf y.sup in
8 let inf2 = mul_down x.sup y.inf in
9 let supl = mul_up x.inf y.inf in

10 let sup2 = mul_up x.sup y.sup in
1 if 1t infl inf2 &&

12 gt supl sup2 then

13 (* 0Do0O0ooooooooo =

14 { inf = infl; sup = supl }

15 else

16 oo
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infl =v(x-y) = inf2=v(x-y) =
supl = A({-X) = sup2 = A(X-y) =
infl < inf2 A supl > sup2 =
Viex,Vjey, infl < ¥y < supl (7.6)
O000ooooooooooooo,00o0ooo0
ogoooo.
7.2.1 00 3:00000000000
0000 fepx,y) DDDDOD, 000D
hoB(gop(x,y) 0000O000D0ODOO. ODOO
go.3 T2 5 IF" 00 hep:IF" - IFOO0. 00
000 vVCcOooOooo @oouooo)yoooooo
goooooooo.ood VCg’BD
B(x,y) =
YvelF", v=_go p(x,y) = L(x,y,v) =
Viex,Vyey, ho p(v)
goooo0O.00o0 Loooooogoooooo
00.0000000000ogovecooooo Lo
ooooog.
O @6)000 infl <inf2 A supl >sup2 000
0o0ooooobobooooooo.ooogoooo
00000 LO0O0OOoooogogo VCSB,DDDD
O00.000 inf1l1O0000O,0000000:
infl # NaN
infleF=xeFAYy
infl e F= infl < xYy
infl e F = Viex Vjey, infl <%y
Viex,Vyey, infl < X5
0000000 AltErgo 0000000 1.50,4.8
0,320,2000,1370000000. 00000
supl 0000000000000, Alt-Ergo0 000
Oo0o 150,890,141 0,2160,60000000
o0.0000 VCi’B,D VC*C,B,[I Alt-Ergo 00 0O O
OO0 4600 0.10000000O.
000000000000 fep000000O0O0
ooooooo vecoooooo.oog,oooo
000000o0o00ooooooooooooooo.
0o0o0ooooo,0ocoooogooooooo

goboodo,0ocooocoooogd.

§ OJODOO

60 0070 0000000000000000
00000000000 2000.00000000
oooooo:

- ooo

- Why30OOOO VC@OOooooo)oo

- SMTOOOO (Alt-Ergo) 00000 VCOO

- 00000 (Cog 00000 VeOO

—- AltErgo00000000,Coq0 000000

00000000 @)

0000 RAM 16 GB O O O 2.4-GHz Intel Core i5
000000000. 000000 Why3(@OODO
0 0.87.3) 00 Alt-Ergo (D 0000 1.30)0 Z3 (0 O
000450, 0000000 Coq(@OO0O 8.6)0
OOo000,00000025GBO0O0O0O0.

9 OJOoOO

9.1 ODOODODOOOOOOOO

AyadU MOO0O00000DODDODOOOODODOOO
OO0.Ayad00 Why30OOOOOOOOOOODODO
Frama-CO 0O, 0000000000 SMTOOOO
O CoqO0,00000000000001IFODO
gobooooboooobooboooo.

000000000000 wh3O0O000,00
gooooobooo,boobooovecooooo
goooooobood.

Ayad 0000000 O0DOODOOOODOOO, @)
Ayad DO000O0O0OO0O0D0OCOO10000,0 5.2)
gobooooboooooooooooboooobooon,o
023000000000000,2Ayad0D0DO
goooooooooooobooooooobooo,
goooooo.

ooboo,0o0o0ob0ooboooooooobooooDo
gboooo,0oboooooobooboooooao,
oobooooboooooooboobooooo.

9.2 CRlibm
gbooooooboooboooboooooo



02 00O00OO000O0OoOOOO0OoOOOOOoOooO

oo ve(o,0000) Alt-Ergo (1.30) Coq (8.6) CPUO O
oo 2 (0) 2 0 11.37s
oo 2(0) 2 0 13.29s
oo 102 (72) 86 16 947.29s
oo 37 21) 29 8 104.47s

goboooooooobooon.

CRlibm (6000000000 O0OO0OOOOO
gobooooooooo,coooboooooo
libmOOO0O00O00O0O0O00O0O0O. CRlibm0O
gooooooo,000b0000 GappaOOOO
gobodoooobooooobooooooon.

CRIibm OOOOO000O0O 3000: (1) CRlibm O
gboooooobooboooocooboooooa
gobooooboooooo,cooooooooooo
gooboooo,000b0o0ooboon, (2) CRlibm O
gobooooboooooooooooooo,oooo
gobooooboooobooo.oooooooobooo
gbooooooobooboooocooboooboooo
goo,@CRlibmd COOOO0ODOOOOODOOOO
goboooo,oboboobocooooooooooo
O00.000 Why3 0O extract OODO0OO0OO
goboooobooobooooo.

9.3 ODODOOOOOOOOOOOOOOOOO

oo, sMTO00goooooooooooobono
OO0O00OO00000000. ConchonO (510,000
gobooooooooboooobooooooobon,
gbobooooobooboooocooboooooo
gooooo.ooooboooo,oboboooo
goboooobooooooobooooooobon.
gobooooooo,0boocooooooooooo
gooogo.

10 OO0O0DOOO0OO0

gobooooooooooooooo,bob0D0o
goboooooooooooboooooooboan.

gooooo,0oooooboocooooobooon,
goooooooooooboooooooooo. oo,
gboooOoooooobooooocooooboooo
goboooo,oboooboodooooooooooa
gobooooooooooon.

cooooooDO,0000whyMLODOOOOO
gobooo,cobooobooooooooooobooo
goboobobooooooo,oooooooooa
goooooo.

U0 o000000000oO sK1sees oo
gooo.

ooono

[1] A. Ayad and C. Marché: Multi-Prover Verification of
Floating-Point Programs, IJCAR, LNAI 6173, pp. 127-141,
2010.

[2] E. Bobot, J.-C. Fillidtre, C. Marché, and A. Paske-
vich.: Why3: Shepherd your herd of provers, International
Workshop on Intermediate Verification Languages (Boogie),
pp. 53-64, 2011.

[3] S. Boldo and G. Melquiond.: Flocq: A Unified Library
for Proving Floating-point Algorithms in Coq, E. Antelo,
D. Hough, and P. Ienne.: IEEE Symposium on Computer
Arithmetic, pp. 243-252, 2011.

[4] S. Boldo, F. Clément, J.-C. Fillidtre, M. Mayero, G.
Melquiond, and P. Weis.: Wave Equation Numerical Resolu-
tion: A Comprehensive Mechanized Proof of a C Program,
Journal of Automated Reasoning, 50(4):423-456, 2013.

[5] S. Conchon, M. Iguernlala, K. Ji, G. Melquiond, and
C. Fumex.: A Three-Tier Strategy for Reasoning About
Floating-Point Numbers in SMT, CAV, LNCS 10427, pp.
419-435, 2017.

[6] C. Daramy-Loirat, D. Defour, F. de Dinechin, M. Gallet,
N. Gast, C. Q. Lauter, and J.-M. Muller.. CR-LIBM - A
library of correctly rounded elementary functions in double-
precision, Version 1.0 beta 5, 2016.

[7] Moore, R.E., 1966. Interval Analysis, Prentice-Hall.

[8] ODOOO:-SMTOOOOSMTOOOOOOOOO,O
goooooooogg,2010,27(3):24-35.



