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Sleator & Tarjan {2 & % H Cfi% 4K (splay tree) (2 U CHFIEIEZ FIEEIC T 2EMET VTV AL 2 RET 5.
RETDZTNVIV AL, A—ORIZHT SEBOER - FiA - BIREED 1 754 VIS ET 27 L, o
PERFID AN — Ty | (HALRFR P LB AT e A B E DR & L AR v 2 (Ml 4 D #fE D HIEHE & (amortized
complexity)) ZMMEIEL I 2AME LTWS., 2 —7 v b Ol 2 i AREOIE L AR Y 21220 T
FEGRAURE R AR T, HIBRERIENE, ROBRIZET 2 ROWEEEEDICE b 59, Sleator & D FHLA T Ik
HEAGEHTE RN, ZDZ2IZD2VWTHMU 5.

We propose a family of algorithms for concurrent operations on self-adjusting binary trees (splay trees)
proposed by Sleator and Tarjan. The goal of the algorithms is to allow pipelined execution of multiple
update/insert/delete operations while retaining good bounds both in throughput (number of operations per
unit time) and in latency (amortized time complexity of each operation). We show theoretical results on the
optimality of throughput of all operations and the logarithmic latency of insert operations. The optimality
of latency of delete operations, on the other hand, cannot be proved using Sleator et al.’s setting, while the

operations preserve desirable properies of the shapes of trees.
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1 (LREYR) EHEDAT L — KO & [k,
R 72 (B HIFH A & (amortized complexity) [4]
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%2 &T, fil% OFMEDRIRHIHESE U 7 i huid7e

SRWHIMOBEREZO(1) HizBX X 5.
HELAN=Ty MEZIVEERSIX, ZAKRERVR
{TH, WPV ANEZHVWTERITERTES. L
MoT, VARYRAE ZL—Ty b2 RBIERT S
ZEWABEMICEETH S, BAPEFOEREICHT
B WM FHRE D EIZ DR <RV A, ATV —KRD
WiFEIZ B 2 TF5e e, EHEOMBRD, Ei
O_ZM 2T HINTLITY ALITELREIN
TR,

KRX TR, ZOPRAOETHIZF—LEOx%
BRT2H0L L, fisidd—OxHFIE (symmetric
order) IZWiATWBH T 5. HAEELLT, KD
ZOo%RFAD. B BHAMEOHHE U update DHL
MR BEEERDIENTES.

update(i,v,v',t): ¥— i & HDOHIMHAAKt O
hhiE, TOHimOBEDEE v ITRALTE
b, HiSITH-ME O 2T 5. 2RITE,
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F—g LfEV 2B OHINE LITFAL, viTiX
im0 Z L 2R SRBIDMEENRAT .
delete(i,v,t): F— i 2B DHRBK L OHFIZH
i, ZOHINOBLEDMEE v ITRALLD &,
HimZHET D, RN o IRHIOMEZ A
35,

2 BEEFR

2.1 RELE MY TSI VREL

ATV —RIZBIF D REALLIE, HiS DR
ZBWTT 72 ALENSADES 28 L 2EHITL
DD, HEHi (delete IZBWTIE, HEHMOBER
FLFEEDOF —E2HOMiR) 2 AOME TIF LY
LHIETH L. RFEALIFFDEER (rotation) % FA
BEELTED, 112 zig, zig-zig, zig-zag D
LMY BEEEZR NLAT Y FTITHOIRT. BT
AT, EEAMBRERERIEZ DO/ DA LR
T E P ONCFIREI R, KXFIEBHARER
3. update, delete FDMBIDOEMET VTV X LIZD
WTIEZ L OV H 5. RO KE 2RI, 7
X AU NA LOBHI OB 22T 2K
T, 77V ALENAADEIZRWHIRE, B20(1)
BUPESLBRWI L THS.

JRIFACIZ R S LTy TRERRETH 5720, iF]
BEZIGEZS 2. SCR[2] by TR VRSERS
RELTWED, ZNREFELEROBGMVEZRANTS
D, ROBIFEERT OERE CTHE L.

2.2 WHREICET 2 BEDHRE

HIH 5] 1%, WATHRPERL S EE (3] O E H W
AT VTV AL ERELTWS, T, s
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zig-zag: R zy ZAEOELL, TEALM 22 A0k,
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ZOEIZHKLS T B, Dz ~NDT 72 ARKIT 2
DERIAR C DED ST B - 1272901 zig-zig BAEH
BE, LOBIPHETLIDIEL %5, LU L
DIRPHEE T 2 ETIE, IRD y ~NDT 7 & AN zig,
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1. yBRODBET, v &2 —WKHRZF—2 LUTH
HAT2s, y<z<zxTH>dIIRHiM 2z D
fE& BT Fla~E L,

2. BHINHAE L EED X — % DHIHAD KA
VREBRFEFTAZLIZE ST, 2 DEFTOERZ ¢
IZO() K TT 28 ATERLSITH I LN
EzoN5. ITNHDRA Y RIIADREALRIZ
BRETDHBRED RN WO REDRH S, LT
DFIEFBREEDO L E LD S L BEL .
RS Z OHIREIEDRTOERIEN ¢ & y 2K
ZRAETBEHRT, WITh y KBET I L
NZWPoTHS.

U72h o TARMX TIE, m20(1) HOH % flige L

DD, FRBIZ by TR NIREERLTHL 7T
VALBEZDBIEET D,

3 WHEHTILIT) XL

AREITIE, BEOEIEEZ T Oy 7 LA\ update
%2525, BERWNZRT AT TIX, zig-zig & zig-zag
DEFIZOWT, HEHiNEZTORERI DY ETLY
% EXE VR AL (semi-splaying) 2 VW5 Z &
Th 2 (SCHk[2] DYRIFEALIE, zigzig DADREAL
ERGoTWE), o 2EHNKOHiRE T, 7
VTV XLFATFD &S 12742 5.

(a) EBORITHT 2FHALE 3 (al) O#EME, (BT

TN ) ROIZH 5 BT IIX 3(a2) D#MERIT
5.

(b) zig: = WIS ARKDITH 25E1EK 3(b1)
DEAE, © PMFETNELETDRIEDLEITK
3(b2) DEMEEITZRS.

(c) zig-zig: X 3(c) EDRIZEIT 2 z(< b) DR
T, K ba DEREELEITHR>TT 72 AL N
ADET % 1EMT 5. RiE 1 L)L (FHERTO
RETiE 2L ~_L) FELT, oK AITHL
THRIIZHERETD.

(d) zig-zag: X 3(d) £EORKIZBIT Bz (b<
z < a) DEEBTI, Kb DEMEKE, TER
B ca DAERIEEZE TR, TIZRALREZNSAZE 1
T 5., c=cROIEINTHEKTTHS.
z<cBRoIE2 L (EfFRTOES T3 LA
V) FRELT B DR S o 2 HIGHIZHERT 5.
x> c B SIEFBRIC C OF» 5 FIRIICERES
5. x> c DBEITIIF ca DIEREEAEZ BT
5ILHFERONDE. b DEMIRIEDHER,
FIICHIR e ZFFA LD L, BTN [EER
BEET25.

PLEDEET, TR ALEAADREI ZEETHH
2/31272%. P TR T2/37%DI%, Ll zig-zag
BIEOMHBEIZL2EDTHS.

4 WHHIERTILTY) XL

Wi FNHIBR D 72 b D E AR 251, WA ElEE,
HIRT NEHiAE2 NBEIEE20ICHETEIET
Hb. THhETE, REEFEIZLSES, BET Y
Y ALZES RHiHEFLIEEDICHVSONTE
7o TIZTHEERI L, HIBRNROHRIMNEE %
O) VRLVUD THRIERVEIILTEILTHS.
MFTI, 2 Z2HIRNSROHiSE T 5.

3, WEROHIBT RN - THIGEEZ R
5. ZO%E, zipping EMESEFEICL->TENE ©
KRB HIRTE DGR ETCTHIES. Himd 94
BT HIRTE B 13, TOLERDR, HWHAK, £
WAROLIHIA, GEAARDLEHZRDNT DD
WTHBHIETHD. MEIRDOTFRIZE->T, TOKE
HOREAHDRDBENEEDHEE S,
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(a) “BSHIT HIRTE D54 K 4(al) 7213 (a2)
DEIIERT S.

(b) “BH HIRTERVWEGS K 4(b) DX ST
zig-zag ZfEL, FOERTE S b DEHAAIZ,
(—2 L RELNIL) zig-zag ZHET .
AEDEFET 2 132 VLRIV EBET S, 2 OFiz7%
HAOKC & FiX, ALz YEs. h
PAOHEEEX1 LAV UL TRLAEW. 2 %
& T 272 i ARICK U CHEIGIIZHIBR
TERATIRD D, 2 DFRHRTROVHIFA TN L >
TISHICTFETSZ &g,

M 512, R 2 OHIRIC & 2 KOBIROE{L%E
R
HIBR SR 2 DR TH B L IXRE S nWigaiE, £
TEHEIMOAIET 2 2HRT 5. ZNIEFWPS 2 I2E
LZNRA%EET AR E2 LD, DEIZ, 2 % zipping
k> T FBSETHIRT 3.

Zipping ¥EIZ R A DM TRV, T o ®
AUTEERIEZESEZE WS FEANZ LS s
I¥, zipping 577> T, EHMOIRKORKERIZES
INA L HEDRKDEBRNERIZEDL R AZZTNT NN Y

TR DERIAL (zig-zig (K 3(c)) DRFIEL) 12
Lo TlEMETNIEE V. ZDKEHELIX zipping & MifTF
UTATRD ZENTES.

Zipping [XHEFEMEL R D, KEiHOF—{H%H
L2 RKE KT 5. £/ zipping 1&, KTy &
KT (T1 DEDF—FH, L OEDF—LDH/NX
WEDETB) DMy TR UHEEEICSIGHT
5. Thbb, Hiifis (F—IMER) 2FEL,
ZTOERAIARE Th, HEDRE T LLT—2DKR%E
MR L 7=D%, JZELZREIREZEETIEL V.

5 HEEICHATIRBREER
MEROZDOREDS L, A)V—Tv MZDOWT
BREZGIZERVPTES. Thbb, “DO0HMER,
LAVl (2L~ 0 & LT) Offifz O@) [ —
update \&E 4 (I 4+ 2) [, zipping (&&4 (21 4 2) [H
— DOFRIEODHICHESED. THITEDHHD
e, T B E 43 L~ LD % FEHZ Mg
BT TEV. ThoDZlehs, ROKEIPHEX
&SNV —Ty T, BIERFIZNAA TS AV
HICAFIIE T 2 Z e B TE B.
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5 Zipping IC & %818 2z OHIR

VARV A, update iIZ2WTIE, BHOATL —
AREAEDEBHFAEEEZS DI LWHHTE S, A
RN, Hif s ODKES s(z) &2 x 22T 28
AROHIFEEEREL, TV r(x) % logy(s(z)) &F
5. TUTKORTFY v ILE, TRTOHLDT v
JDMEEFRTSD. T5L, update DIEHFERE, >
% 0 [AlHEHERAE O [T - 72 R BRI ER TR D R
TV Y NDOEEMAZEDIE, n 2 AROHSHE
LT, O(logn) THDZ L% RTIENTES. Z
DI s, TRRVIERERIIOFE L ARV R,
BRETHLMENTH S Z b5, Xk[2 O k>
12, HiSIZRR2EAZ DT Ts P r 285952
LIk, KDROVEEERTIEETESN, KN

XTIEL.

—7i, delete \IZDWTI, SCHR[2] DN HIETIE,
A REREZE ZLIETERY. ZOIL %
R 7DI, B4 (b) D4RIDEEKIZEERT VT ¥
WEAEEZEZD.

M 4(b) O—FBLMUOKRD S v 7B E » T 5.
—BEMDODANSDRF VY VOEE, ki2H
BIEERE LT R (b) —r'(2)) MNICHE 252 &
MTEDZLERTON, CHR[2) ICB1) B EAGFE
BOMHFEEOEATH 7. UL, ZThHDk
IZOWT s(A) =s(B) =s(C)=h>t=sD)=
S(E) =s(F) #fRET 5L, N7y v VD h/t
IZBIL T O(log(h/t)) &% 5. —J5 r'(b) — r'(2) I&
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R/t IZBILT O(1) THDDT, LilDHEFERT

EWXGFHELUBRWZ &b 5. Zipping 125637 > TN
ARIME L ER AT RS 72 EIC DV T H, kD Z &R
5.

LA, B4 HOHIREER, 7272ALENAZ
L OEIRDOBES AL ITIR D (FINT N A Kb %
ML 723558, NS DEiE & % B L L U
WERNEVD, HiEOFERAZDVWTDAT L —
AR—EOME IR L TWb., TiE—#kiz, Zo=>
DOMEZ 7B IR ART VIV XLT,
VARV APREREE TR A ohAank 5%k, +
DEVIRERINIFLT DS 307 ZTHIdR#
WTH BN, KX TREL = #BEIZOVWTIE, T
BHUARY ZEDRL s O(n) (EHFOHRLSIE
O(logn)) & FHEN3.

ZORIE LT, HHHOHIRLPT 0L EE
Z5. iz OHIREERE d(z) %, = 5% DEH]
DF¥F—z_ EHEOMEANELNZE (2 DAL R
WIBER, - Dz DTHRTRVWEEIZ0 LED D)
CEHEDOF—zp ZEDHIICELNAEDOR/IMEL E
HBE, HAEOD delete 1, d DKERHHOMEE
ZIXREE D DB b DD, Bo KM D d EEX
O(1) L2 KREL L. 725 3 HiD update TH
TAZHHA U ED d 120 TH Y, update 139 TIZ
AL TV AEHiRD dEEmZ0(1) LrKEL LA
W, (RMAT Y TR BT 28D d O8I
EHMTHZAZZENTERY. ) INhoDI s

1. H7-BHimD dDOED kE ETRET 5121%,

DD Qk) [\ D FFAHIBRAS 6 B
THDBZLehbhrd. 61T
2. ZHARIZBIBEMMAD d OBIIE, KE T
N—=ZA U7 & SILELFEDIERNAE % L5 Z
LiEznh s O(n)
Thb. 1.22. 05, HFir-hfifgofAL, dDX
ERHEOBEERIE D EI NS &\ D BEOEERS
AEZTH, BEOTEHOTMIZ O(n) THH, =
HEOSRITEFRBEOADGE LIFLALEDS
W PHING.
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Him DIFERAICETELEE L WEEZ RS, 9D
SHEBOEKRTRER AL —T Y b 2B OHOHHE
TOAROMFIERE (GER, WA, HIbR, &) 7T
VALERRELUZ, HiAOHEFRHACEL T
BEHGBEREZFEOZ EDEIHTETED, I6I
T IR ANR = DR D REAITIT T BB
ATV —ROFFDWES I DR MEE DL < 5 &
HNT WD, HIBROEHFHEED & D BWEEERK RS
BEL (R ZORGFHEERT) J L35 HOE

Thb. /2, 7TNVIV XLOEBEEIR, WHI5ER
RIETORE, ISHAOKME S SROBETH 5.
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