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Polymorphic Gradual Typing with Holes

Jaebyeog Kim Eijiro Sumii

In a live programming environment, we often work with incomplete programs that are syntactically ill-
formed or have type errors [Omar+ 2017, 2019]. Since most languages do not provide semantics to such
incomplete programs, they do not give an idea of how other “well written” parts of the programs work. To
provide programmers continuous feedback about programs’ typing and dynamic behavior, Omar et al. [2019]
defined Hazelnut Live, a calculus that gives static and dynamic semantics to incomplete programs. They
used holes () to represent missing parts of programs.

We extend this idea to polymorphic languages. Since typing of incomplete programs resembles gradual
typing [Siek and Taha 2006], we adopt recent research [New+ 2020] on polymorphic gradual typing, extend
its syntax with hole expressions, and do not stop a whole program by cast errors (which gradual typing
does, while Hazelnut Live does not).

Extending polymorphic terms with holes calls for two major considerations. First, we address unspecified
formal type parameters by assigning a fresh type variable X’ for its type VX’.A, while introducing the term
syntax A().M as it is, so as not to reduce incomplete programs like (A()).M)[B]. Second, we treat programs
M containing unbound (term or type) variables by putting them inside holes (M) and giving them different
type environments.

With these ideas, we define a polymorphic calculus that gives static and dynamic semantics to incomplete

programs.

1 Introduction

As discussed by Omar et al. [7], when we are in
the middle of writing programs, we can not always
have a complete program. Sometimes we need to
write more code to make it syntactically right, or
purposefully omit details to have a bigger structure
first. Or maybe we just write something wrong like
2 + true. While we are amidst such editing, we still
want to know behavior of our program even if it is
partial and incomplete.

Most of the time, it is just the case that the com-
piler lets us know only which part of the program

is wrong, or the runtime aborts as soon as it de-
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tects a dynamic error. This is because most pro-
gramming languages do not assign meanings to in-
complete programs. To attack this problem, Omar
et al. [8] proposed a calculus, named Hazelnut, for
functional programs where every editor state—even
if intermediate—has some static meaning. They
formalized users’ edit actions as well as programs
with holes that represent incomplete parts, and de-
fined static semantics to the programs with holes.

Later, Omar et al. [7] also developed a calcu-
lus named Hazelnut Live. This calculus defines
dynamic semantics for incomplete programs with
holes, where evaluation continues arounds holes in-
stead of stopping. It is closely related to gradual
typing [11] for typing and evaluation of programs
with type holes, where explicit casts are inserted

before evaluation. Unlike gradual typing, however,



the evaluation does not stop even if a cast error oc-
curs, and continues to other parts of the program.

We aim to extend this idea to other desirable
features of programming languages, in particular
parametric polymorphism. Since Hazelnut Live’s
semantics for handling types are based on gradual
typing, we find a calculus that supports polymor-
phic gradual typing, and then extend it with static

and dynamic semantics for hole expressions.

1.1 Polymorphic Gradual Typing with
PolyG”

Polymorphic gradual typing by itself is already
challenging. Some previous studies [2][4][14] tried
to extend gradual typing with explicit polymor-
phism like System F, but failed to meet criteria for
parametric polymorphism and gradual typing [6].

For example, consider a function f = (AX.\x :
X.(x ::7) :: Bool), where :: represents type ascrip-
tion. Since we want 7 to be consistent [11] with
any other type, this term is well-typed and has type
VX.X — Bool. Thus, we should able to apply this
function to any type and a value of that type, and
get a value of type Bool. Nonetheless, if we just
substitute type variables as in System F, we find
that f can accept only a value of the Bool type,
as in the following examples (where ~» represents

elaboration into cast calculus and — reduction):
f [Bool] true

(AX. Az : X.(Bool <= 7)(? <= X)x) [Bool| true

—"  (Bool <= 7)(? <= Bool)true

¢

— true

flint) 1
~  (AX Az : X.(Bool < 7)(? < X)z) [Int] 1
—"  (Bool < 7)(? < Int)1

—"  error
This violates parametricity since behavior of the

function differs depending on its type argument.
To ensure parametricity, Ahmed et al. [2] used

sealing [5][9][13] in their polymorphic gradual lan-

guage, later called AB [2]. When we apply a poly-
morphic function to a value, we seal the value with
a fresh key. Then, the applied function can not in-
spect inside the sealed value. In AB, because they
try to make a conservative extension of System F,
the sealing and unsealing are implicit and are au-
tomatically inserted by type-directed coercion.
Since the insertion of sealing is type-directed, AB
violates dynamic gradual guarantee [4]. The grad-
ual guarantee is one of the “refined criteria” for
gradually typed languages, presented by Siek et
al. [12]. It captures the idea that replacing types
with ? does not introduce more errors. AB does not

satisfy (dynamic) gradual guarantee, as in:
(A XAz:Xz:X)Intl)+1

(unseal x (sealx1)) + 1
=2

(AX Xz : Xz =?)Int1)+1
—"  (sealx1)+1

—*  error
Other studies [4][14] also have similar difficulties

with gradual guarantee and parametricity. Ahmed
et al. [6] pointed out these difficulties and avoided
them by means of explicit sealing manually written
by programmers. With this idea, they defined a
polymorphic gradual language, PolyG".

Since we want our language to satisfy para-
metricity and dynamic gradual guarantee, we adopt

PolyG" as our base language that we extend with

typed holes.

1.2 Challenge of Incomplete Polymorphic
Terms

Extending polymorphic calculus with holes
brings two challenges about programs that are in-
complete regarding polymorphic types: unspecified
formal type parameters and unbound type vari-
ables.

Unspecified formal type parameters as in A().M

are needed since they can not just be replaced with



fresh X’ like AX’'.M, since doing so breaks our in-
tention that A(]).M is an incomplete program and
cannot be applied, that is, its type application like
(A().M)]...] cannot be reduced. We thus introduce
A().M as distinct syntax, and give it a proper typ-
ing rule and no evaluation rule. (Similar consider-
ations are required for type application in PolyG”,
which also binds type variables.) We also treat
anonymous term abstraction A().M, which is not
mentioned in Hazelnut [8] or Hazelnut Live [7] but
is present in their implementation Hazel [1].

Unbound term variables are actually imple-
mented in Hazel [1], but are not mentioned in ei-
ther Hazelnut [8] or Hazelnut Live [7]. In Hazel-
nut Live, since a term inside a hole has to be well
typed under the same type environment, it cannot
contain an unbound (term) variable. (In Hazelnut,
unbound variables cannot even be written with the
editor.) By contrast, we let the type environment
in holes extend the outside environment, so as to
allow unbound variables inside.

These extensions apply to both term and type
parameters and variables, but would be useful in
particular for types, which programmers are more

likely to omit or forget.

1.3 Contributions

We thus define our new language PolyG”H that
is extended from PolyG"” with hole expressions
and expressions with unspecified formal parame-
ters. We also define an internal language PolyC"H,
where actual reduction occurs, and elaboration

from PolyG"H to PolyC".

2 Preliminaries

2.1 Hazelnut Live

Hazelnut Live [7] is a core calculus of Hazel [1]
that evaluates incomplete expressions. The syntax
of Hazelnut Live is shown in Figure 1. Terms are

divided into two categories: external expressions e,

and internal expressions d.

External expressions correspond to user input
and are elaborated to internal expressions before
evaluation. b represents base types such as Int and
Bool, and c¢ represents constants that have base
types. Other than orthodox terms for functional
programming languages, they added two main in-
ventions to the external language: type holes (),
which coincide with dynamic types ? in gradual
typing [11], and hole expressions, which represent
the parts where terms of correct types are expected
but missing. Hole expressions consist of empty
holes ()" and non-empty holes (e)“. The hole name
u is given to each hole expression as an identifier.
Empty and non-empty holes respectively represent
missing expressions and expressions that have type
inconsistency.

Figure 2 shows typing rules for the external lan-
guage. The type system is defined in a bidirectional
style [10]. The type synthesis judgement I' - e = 7
means under typing context ', external expression
e synthesizes type 7. The type analysis judgement
I' F e = 7 checks the expression e against 7. Hole
expressions have the hole type () but non-empty
holes require expressions inside to be well-typed.
Most of the typing rules follow gradual typing [11],
where type consistency relation ~ and matching
function fun(r) are used instead of type equiva-
lence.

External expressions are elaborated into internal
according to Figure 3, where explicit casts (r = 7)
are inserted based on the type consistency relation.
As a result, type consistency is used only in the
typing rule for explicit casts in Figure 2. Omar
et al. [7] also introduced a new term called failed
cast d(= () # T, which represents a dynamic cast
error rather than abortion, so as to continue evalu-
ation of other parts. For failed casts, we require the
two types G1 and G2 are ground, that is, consist of

only base types and () — (). In both elaboration



HTyp 7 = blTt—>7]()
HExp e =
HExp d ==

clz|dz:Te|dze|lee| ()] (e |e:T

clz|Az:rd|dd| g | (s | dr=71)|dr=() =7

d<7’1 = T2 = 7'3> déf d<7’1 = T2><T2 = T3>

Fig. 1 Hazelnut Live Syntax

e synthesizes type 7

z:7€el F,x:Tl}—e:>7'2 I'Fer=mn fun(Tl):T2—>T I'Fes<=m
I'Fec=b T'Fe=1 T'FXr:mie=1 — 7 I'Feiea=r1
I'Fe=r I'Fe<=r
LEQP*=1( L'E(e)* = () F'ke:T=71

e analyzes against type T

fun(t) =711 = 12

Te:mbesen

F'te=s71 7~7

'EXXzxe<=rT

71 is consistent with T

\"
14

fun(() = — ()

T

I'Fe<=1'

/ /
T ~T1 T2 ~ Ty

TL = To~T] T

fun(ti = 12) =11 = T2

Fig. 2 Hazelnut Live Typing

and typing rules, hole context A is used to ensure
the consistency of environments among holes with
the same name u.

Since Hazelnut Live receives incomplete pro-
grams, well-typed expressions do not always evalu-
ate to values but may become irreducible because of
hole expressions and failed casts. To represent such
irreducible states, indets (indeterminate terms) are
defined, and finals (irreducible expressions) are de-
fined as either values or indets, as in Figure 5. As
in gradual typing, values with an irreducible cast
are also treated as values (originally called “boxed
values” in [7]).

Reduction rules (defined only for internal expres-

sions) are shown in Figure 6. First, there is beta

reduction. Casts between identical types are re-
moved. Casts between function types break down
when the function is applied to an argument. Casts
from or to hole type are extended to go through
matching ground types, which are uniquely deter-
mined. In the case of a projection (a cast from ?
to a ground type) after an injection (a cast from
a ground type to (), the cast is removed, or else

reduced to a failed cast term, according to whether

those (ground) types are the same or not.

2.2 PolyG”
As we discussed in the introduction, PolyG” [6] is
a polymorphic gradual language with explicit seal-

ing. Figure 7 is the syntax of PolyG”. They write



'Fe=71~d4dA ‘ e synthesizes type 7 and elaborates to d

z:T7el

z:nmnte=>mnwedA

I'Fec=b~cH0 'Fe=7~240

F|—61:>T1

F'FXx:me=>m w1~z :m.d4A

fun(m) =1 =71
F|—€1<:TQ*)TWd1:T{—(A1

F}—62<:T2Wd2:Té—|A2

I'Ferea=71~ (d1<7’{ = T2 —)T)) (d2<T2/ :>T2>) 4 A1 UAS

I'Fe=>71~dHdA

LEO* =0~ Miaey Fw:: O]

L) = () ~ (diary T A, u: (O[T

l'Fre<sr~d: 7 4A
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l'Fe<sr~d:m24A ‘ e analyzes against type 71 and elaborates to d of consistent type 72

fun(t) =711 = 1

Nz:mFesendd:m4A

cE N e )
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FFesr~d: T HA
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Fig. 3 Hazelnut Live Elaboration

A;T'Fd:7|d has type T
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Fig. 4 Hazel Live Typing for internal language

V¥ and 3” instead of V and 3 to emphasize fresh-
ness of the abstract types. Ground types are also
extended with universal and existential types. For
the terms, they have is(G)?M for dynamic type
checking. It checks whether M returns a value that
is consistent with the ground type G, and returns
true or false accordingly.

Typing for PolyG” is presented in Figure 8. The
environment I' contains not only ordinary typing
assumptions x : A but also abstract type variable

assumptions X and known type variable assump-

tions X = A. We assume all (term and type) vari-
ables in the domain of I' are disjoint. To support
explicit sealing, some type variables are exposed as
in:
unsealx (AX. Az : X.z) {X = Bool} sealxtrue)

The type variable X in unsealx, {X 2 Bool}, and
sealx is out of the scope AX. Az : X.x. To justify
such extrusion, the typing relation of PolyG" takes
the form I' = M : A;T,, where a type application
{X = A} adds known the type variable assump-
tion X = A to I',, which is then used for typing



d is final

d is a value

d val
d final

d indet
d final

T > T2 F T3> 14 dval d val 7 ground

c val

d is indeterminate

Ax : T.d val

d{T1 — T2 = T3 — 74) val d(r = ())) val

d final

dy #d/1<7'1 — T2 = T3 — 7'4>

()e indet

d indet 7 ground

(d)e indet

d#d(r' = ()

d1 do indet

d indet 7 ground

d(t = ())) indet

T — T2 # 73— 74 dindet

d(() = 7) indet

d final 7 ground 72 ground T # T

d(T1 — T2 = 73 — 74) indet

d(T1 = () # 72) indet

Evaluation Contexts FE :=

Reduction

Fig. 5 Hazelnut Live Final Forms

[JIEd|fE|(E)s | Er=m)[E{r=1{(#r)

El(Ax:7d) f] — E[d[f/z]]
Elf{r=1)] — E[f]
El(filn > =132 m) o] = E[fi(fa(ts = 1)) (12 = 7))
Efir=0 ~ Efir=G=0)] ir#)r#G7~G
Elf{il=7] — Ef0=G=n] ir#0).7#G7~G
Ef{G=0=G)] — E[f]
E[f(Gi= () = G2)] = E[f(G=()+ G2)] (if G1 # G2)

Fig. 6
Types A
Ground Types G
Terms M

03ta/z
(d)sld/x] = (d'[d/2])51a)a

Dynamic Semantics of the Internal Expressions

7| X |Bool | AXA|A—A|F'XA|VX.A

n= X |Bool |[?7x7|?7—7|3X7| VX7
u= x| M: Al|sealxM | unsealx M | is(G)?M | true | false

| if M then M else M | (M, M) | let(z,z) = M; M
| M M| Xx:AM | pack”(X = A, M) | unpack(X,z) = M; M
| AYXM | M{X = A} |let = M; M

Fig. 7 Syntax of PolyG”



Environment I' == - |z:A|X|[LXXA

'-M:AT, A~B x:Ael 'EM: ATy TU,'nmyx:AEN:B;T'y
't (M:B):B;I, 'kFax: A;- T'kFletx=M;N:B;I'm,I'n

'-M:B;T', X=2Ael' ', B~A I'tM:B;T', X2Ael',l, B~X
I'ksealxM : X;T, I'+unsealx M : A;T,

IFM: AT, I, -G
I'Fis(G)?M : Bool; T, I' F true : Bool; - T false : Bool; -

F"M:A;F]u F,F]wl—Nt:Bt;Pt F,FA[}—Nf:Bf;Ff ANBOO|
I' - if M then N; else Ny : By M1 By; Ty, I'e Ny

I'EM,:A;; Ty Iy My : ATy 'EM: ATy U,Tam,z:m(A),y:m(A)FN:B;T'n
I+ (Ml,MQ):Al ><A2;F17F2 FF|€t(Z‘,y)=M;N:B;FA{,F1\/

I'+tA Thx:A-M: B;T, I'tM:ATy T,T'mEN:B;T'n dom(A)NB

'EXx:AM:A— B;- I'M N :cod(A);Ty,T'n
I'EM: AT
I''X~ArM: BT, Ty, X,z :unI’(A)F N : B;T'n I',T’m,n|lx + B
't pack”(X 2 A, M) : 3" X.B;- ' unpack(X,2) = M; N : B;T'y, I'n|x
F,XFM:A;FO F"M:A;F]VI F,F]u"B

TFA'X.M:VX.A;- D'k M{X~B}: unv’(A);y, X =B

7~ A A~ Bool ~ Bool X~X

Ai~B1 Ay~ B A1 ~B1 Ay~ By A~B A~B
Al — A2 ~ B1 — B2 A1 X A2 ~ Bl X B2 FX.A~FX.B VX A~V'X.B

dom(A— B)=A
dom(?) =7 und”(I"X.A) = A
cod(A— B) =B und’(?7) =7
cod(?) =7
mi(A1 X Ag) = A; = -
mi(7) =7 (X = AT = X = A, (Tf)  (FV(4)NT' =)
un¥” (VW X.A) = A (X =2 A1) =T (FV(A)NT' £0)
unv”(?) =7

Fig. 8 Static Semantics of PolyGY”



the continuation including sealx and unsealx.

For the syntax of the cast calculus PolyC”, they
add fresh seal o to types as in Figure 9. For the
terms, they remove type ascription M :: A and add
an error U and explicit casts. Forms (A5) | M and
(Ag) ¢ M represent upcasts and downcasts respec-
tively. Instead of writing casts between two dif-
ferent types, they use witness expressions for type
precision derived as in Figure 10. inj, M represents
injection, which is a cast from the ground type G to
the dynamic type 7. PolyC" also has explicit type
generation hide X = A; M, packages with latent
casts pack”(X = A'[AE 1,...], M), and sealing
and unsealing with seals (in addition to those with
type variables).

Typing for PolyC"”, presented in Figure 11, is
trivial except for I',. Since there is a new form
hide X = A; M that stops the scope of X = A
going further outwards, the bodies inside delayed
thunks such as A are expected to manually hide
the bindings to make I', empty.

Elaboration from PolyG" to PolyC" is defined
in Figure 12. The ascription form M :: A elabo-
rates to upcast to 7 followed by downcast to type
A. The bodies of the thunks hide the type bind-
ings that are generated inside, by using the function
hide I' C I'V; M which hides all names in I'" that are
not present in I'.

The dynamic semantics of PolyC" is presented
in Figure 13. The relation is defined in the form of
Y>M +— Y'>M’. A store ¥ consists of o : A which
binds freshly generated type o to a type A. When
the step does not change ¥, we write M — M’ as
an abbreviation of ¥ > M — X M'.

Unsealing a sealed value removes both unseal-
ing and sealing, and gets the value inside. is(G)?V
checks whether the type of the value V is consis-
tent with G. hide generates a fresh seal o, adds the
binding o : A to X, and substitutes the type vari-

able X with o. unpack also generates a fresh seal

and applies casts that have been accumulated in
the second, extended parameter of pack.  is used
to abbreviate rules for | and |. Instantiation for
a universal type is just a substitution because the
binding is already generated by hide. The casts be-
tween pair types, function types, existential types,
and universal types are decomposed and separately
applied, where ™ represents the opposite arrow,

ie, ] =land ] =|{.

3 External language

As we mentioned in the introduction, our goal
is to introduce hole expressions to a polymorphic
gradual language and to give static and dynamic
semantics to incomplete programs with polymor-
phism. We define a new calculus PolyG"H by ex-
tending PolyG" with hole expressions () and (M) of
Hazelnut Live. The syntax for those added terms
are in Figure 14. Since we do not consider hole
contexts, the hole names u are omitted.

Typing rules for the new terms are shown in Fig-
ure 15. An empty hole expression () has type ?
and any [',. For non-empty holes, the additional
environment I" inside allows M to have unbound
variables. This works for both term and type vari-
ables. Also, the outward type assumption I'} is ig-
nored and another I, is just assumed, because we
do not want wrongly written terms influence the
rest of the program.

For functions A() : A. M with an unspecified for-
mal parameter, we could either introduce a fresh
variable, or no variable at all, to the environment
I'. We choose the latter for simplicity.

By contrast, we do introduce a fresh type variable
X' for the unspecified type parameter of A¥ (). M,
for the type binder V* X' instead of introducing yet
another syntax V" (). A.

Similarly, type applications M{() = B} intro-
duce a fresh type variable X'.

Packing pack”(() = A, M) is also typed by intro-



Type names a = o|X
Types AB +:= o
Ground Types G == al|Bool|?7x?|?7—=7|3X.7|VX."7
Precision derivations A5, BE = 7 |tagg(AE) | a | Bool | AE x AE | AR — AE
| F*X.AE | v X.AE
Values V. u= sealaV | true | false | (V,V) | Ax: A.M
| AYX.M |inigV | (AT = AS) T M | (AT > A) | M
| (V"X.AE) I M | (V" X.A5) | M
| pack”(X = A’ [AE 1], M)
Expressions M,N —:= (M:A)
+u= U (AE) I M | (AE) | M | hide X = A; M | injo M
| pack”(X = A’ [ACY,...], M) | seal, M | unseal, M
Evaluation Context E == []|(E,M)|(V,E)|EA|EM|V E]|injcE

| if E then M else Mif I then M else M
| let(z,z) = E;M | (AF) 1 E
| unpack(X,z) = E; M | sealo E | unsealo E | (A5) | E

Fig. 9 Syntax of PolyC¥

I'-AE:ACG

Xel

I'+tag,(A5):AC? TF?:7C7

PHAS: AN C Ay THAS:ApC A

T' - Bool : Bool C Bool

''EX:XCX

FI*A%:A“EATl FFA%:AQEAT-Q

FFA%XAQE5AZ1><A122AT1><AT2

L'+ AE: A C A,

I'HAF = A7t A — Ap C Any X Ars

L'+ AE: A C A,

[ 3YAE : 3AF C 3V AL

[Fv A vwAF C 3V AR

Fig. 10 PolyC” Type Precision

ducing fresh X’ as in the rule for A.

Since unpack binds two (term or type) variables,
we add 3 rules for each combination of missing pa-
rameters. The case where only a term or type vari-
able is unspecified is similar to the case of A() or
A”()). However, when both parameters are missing,
we do not have to introduce fresh X’ since it does
not appear anywhere.

Sealing seal(yM and unsealing unsealgM with
an unspecified key are typed just as sealx M and
unseal x M for some X.

Dynamic type check (is(())?M) is trivial.

There are also new let expressions with one or
two unspecified bound (term) variables. Their typ-

ing rules are similar to that of A.

4 Internal language

The cast calculus PolyC*H (shown in Figure
16) is obtained by elaborating PolyG"H like eleb-
oration from PolyG” to PolyC", or, equivalently,
adopting Hazelnut Live for PolyC” like we did for
PolyG", and by replacing errors U (abortion of the
entire program) with indeterminate failed casts.

We added rules, shown in Figure 17, for elabora-



THM:A;Ty THAR:ACA,

I'EM: ATy

I+ AE: A C A,

PH(ASY I M: ATy

THM:Ty, X AT,

D (AS) | M ATy

[, Ty Ty

I'+ hide X = A; M;Tar, Iy

z:Ael I'tM:ATy T,'myz:AFN:B;T'n
ThHx: A;- 'klet x=M;N:B;Ty,I'n
'EM: AT, X2AelT, rEM: AT, X2AelT,

I'tsealx M : X;T,

'eM:7T, T''ILFG

I'+unsealx M : A;T,

'k is(G)?M : Bool; T,

T't M : Bool; T,

T F true : Bool; -

I' - false : Bool; -

I\ Tam b N :B;I'y T,TybNy:B;Ty

I'Fif M then N else Ny : B;T'y, 'y

M :A;; T T, E Ma: Ag;Te

F"M:A1><A2;PM F,F]\/[,l'tAl,y:AQ}—N:B;FN

'+ (Ml,MQ) : A1 X AQ;F1,F2

I'+tA T'ha: A-M: B;-

It let(z,y) = M;N: B;I'm,I'n

F}—M:A—)B;FM F,F}ul—N:A;FN

I'FXe:AM:A— B;-

LX2AFM: B;-

Ty, X,z:AFN:B;T'y

I'FM N:B;I'n,I'y

'EM:F"X ATy
I'Tum,I'nFB

'+ pack’(X = A, M) : 3 X.B; -

I XEM:A;-

I'EM: VXA T

'+ unpack(X,z) = M;N : B;T'y, 'y

I\Ty+ B

I'EA"X.M :V'X.A;-

I'M{X~B}: ATy, X =B

Fig. 11 PolyC¥ Typing

tion of hole expressions. For non-empty holes, we
want to hide the variables that are only valid inside
of the holes. Thus we extend hide I's C I'y; M for
type environments containing term variables x : A
and abstract type variables X, which we bind to
7, in addition to known type variables X =~ A.
We furthermore introduce known type variable as-
sumptions that are present only outside (not inside)
holes, by inserting dummy type applications.

To define dynamic semantics, we define final and
indeterminate forms as in Figure 18. As we dis-

cussed in the introduction, we have added the

new syntax A() : A.M and A().M, rather than
Az’ AM and AX.M for fresh ' or X to treat
them as indeterminate even if they are applied. The
definition of values is unchanged from PolyC"”.
The dynamic semantics of PolyC”H is defined in
Figure 19. Most cases are obtained by replacing
V with F from that of PolyC”. The other differ-
ences are evaluation contexts for non-empty holes
(E) and failed casts (G < ? < H)E, and the reduc-
tion rule for failed casts, all of which are essentially

the same as in Hazelnut Live.



(M B)YY = (B?5) | (A?E) ] MT (where M : Aand A?5: AC?)
xt = =z
(let z = M; N)* let z =Mt N
(sealx M)t = sealx(M :: A)T
(unsealx M)T = unsealx (X § M) (where X > A)
(s(G)?M)T = is(G)?((A?E) | M*+)  (where M : A and A?5: AC?7)
bt o= b (where b € true, false)
(if M then N, else Nf) = if Bool § M then (BF) | hide I', C T, NTy; N;©
else (BF) L hide Iy C Ty NI Nf
(where I' - if M then N; else Ny : B, M By; Tar, Iy NTy)
(and BE : B, B; C)B:, B : B, B, C By)
(M, Mp)* = (M, M)
(let(z,y) = M;N) = let(z,y)=?x?3$M;N*
Az : AM)" = Az:Ahide - CTo;M™T (where M : A;T,)
(M NYY = (2= ?23M)(N :: dom(A))" (where M : A)
(pack”(X = A, M))* = pack”(X = A, hide - CT,,M™) (where M : B;T,)
(unpack(X,z) = M;N)* = unpack(X,z) =3"X.? § M;hide Tyjx CTnN; NT
AYX.M*T = A’X.hide- CTo;M*
M{X =B}t = (VX.?i{M){X =B}
GiM = (tagg(G)) i Mt (when M : 7)
GiM = M™" (otherwise)
hide Iy C (I, X 2 A); M = hide I's C T'; hideX = A; M (X ¢T.)
hide (I's, X 2 A) C (0y, X  A); M = hide I'y C Ty; M
hide-C<M = M

Fig. 12 Elaboration from PolyG" to PolyC"”

o A=0c andV = seal,V’

5 Properties o A=A x Ay and V = (V1,Vs)

In this chapter, we prove the type safety (progress e A=A — Ay and V = Mz : AL.M' or
and preservation) of our new calculus PolyC”H.Jrl (AF = A5) 1V
To prove progress, we prove canonical forms lemma e A = VXA and V = A'XM or
according to the definition of values. (VX AS) LV
Lemma 5.1 (Canonical Forms for Values). If o A=3XA and V = pack’(X = A’ [AE }
;- =V i A;- then: 1, M")

e A = Bool and V = true or false e A=7?andV =injV’

O

11 Proving type preservation of the elaboration from
PolyG”H to PolyC"H is out of the scope of the We define a well-typed closed term as Xi;-

present paper and is left for future work. M; : A;-, where the type judgements ;I F



E[U]

Elunseal, (seal, V)]
Elis(G)?(injg V)]
E[is(G)?(inj; V)]

S Efhide X 2 A; M]

Yo FE

Elpack” (X =2 A, M)]

E[(A*X.M){c = A}]
E[(A5) 1 V]

E[(AF x AF) T (W, 12)]

E[((AE = A5) T V1) V3

E[(3"X.AE) § pack’ (X = A, [AE ,...], M)]

E[(V'X.A5) 3 V{o = A}]

E(tag(A5)) 1 V]

E[(tagg(A5)) LinjgV]

E[(tagg (A=) L injy V]

unpack(X, z) = pack”(X = A, [AE 7], M);]

U where E # [ ]
EV]
Eltrue]
Elfalse] where G # H
Y,0:A> E[M[o/X]]
let & = (AC) TM[o/X] ;]
Nlo/X]
Blpack” (X & A", [}, M)
E[Mo/X]
[V] where A= € {Bool, 0, ?}
[((AF >$V1,( ‘>$V2)]
(A7) T (Vi (A7) 17 V2)]
[
[
[
[

11111

,0:A>E

I

& &

&

pack” (X = A, [AE LAEY, ...
E[(A5[o/X]) T (V{0 = A})]
Elinjo(A5) 1 V]

E[(A=) L V]

O where H # G

111111111
S|

I

Fig. 13 Dynamic Semantics PolyC”

Terms M +:== () | (M)
MDA M
| A M| MA{() = A}
| pack () = A, )
| unpack((), () = M; N
| unpack(X, () = M N
\ unpack((), z) = M; N
\ sealg M | unsealgy M | is(())?M
| let () = M;N [let ((), () = M; N
| let (z, () = M;N | let ((),y) = M; N

Fig. 14 PolyGYH Syntax

M : A;T, with store typing ¥ can be defined as
in PolyC” [http://www.ccs.neu.edu/home/amal/
papers/gradparam-tr.pdf, Fig. 23].

Progress theorem ensures irreducible terms are
either a value or an indet, i.e., final.
Theorem 5.2 (Progress). If X1;-+ My : A;- then
either 1> My — o> Ms, or M1 =V, or M1 = 1.

Proof. Induction on the derivation of ;- - M :

A;-. Most cases amount to checking that our defi-

nition of indets covers irreducible non-values. O

As for preservation, we need to prove substitu-
tion lemmas for terms and types.
Lemma 5.3 (Substitution Lemma).
A+ M : B;T', and ;T + Mo
;T Mi[Ma/x] : B;T,

If ;' x :
: A;- then

Proof. Induction on derivation of 3; ',z : A+ M :



IIV-M: A; T,

LEQ:7;T,

TE(M):?7;T,

I'-A I'tM: BT,

PEA)):AM:A— B;-

X' +FM:AT, X' ¢I,T,

I'EM:AT\m

IN\Ty+FB X' ¢T,Tu

THA(.M: VXA

T+ M {() =B} : unv”(A)[X'/X];Tar, X' = B

I'X'~A+M:BT, X ¢T,T,

Ik pack”(() = A, M) : 3*X'.B;-

I'EM: ATy

I, X+N:B;I';v I''T'y,I'jyx =B

I' - unpack(X, ()) = M; N : B;T'm, I'vix

THM: ATy T,Tan Xz un3”(A)X'/X]F N: BTy T,Tar,Tyxs - B

I' F unpack((),z) = M; N : B;Tar, Ty x

FFM:A;FM F,FJ\{FNZB;FN

'M: AT,

I+ unpack((),()) = M; N : B;I'y,I'n

'-M:BT, X®Ael,l, A~B

I'+is(())?M : Bool; T,

'-M:BT, X®Ael,l, B~X

I'sealyM : X;T

FFM:A;PJM F,P]wFN:B;FN

I'Funsealy M : A; T,

PFM:A;FJW F,F]V[FNZB;PN

Phklet () = M;N:B;Tmu,I'n

'tM: ATy D,m,z:m(A)FN:B;I'y

Tk let (QD,GD) =M;N:B;I'py, 'y

'EM: ATy T,Twy,y:m(A)FN:B;I'y

I'klet (z,()) = M;N: B;T'nm, I';v

I'Hlet ((),y) = M;N:B;Tm,I'n

Fig. 15 PolyG"H Typing

B;T,. O

Lemma 5.4 (Substitution Lemma for Type). If
>0, X 2 A My 2 B;Ty or 5,1, X F My
BT, or ;T - M; : B;To,X = A then X,0 :
A;T[o/X]|F Milo/X]: Blo/X];Tolo/X]

Proof. Induction on type derivation of M;. O

We do not need to change the definition of preser-
vation even though substitution of a type variable
also substitutes the resulting type, because the type
of a closed term does not contain type variables.

Theorem 5.5 (Preservation). If ¥1;- F My : A;-

and X1 > M7 — Yo > Mo theTLEQ;-I—MQIA;-

Proof. Induction on derivation of ;- + M
A;-. O

6 Conclusion

By combining two calculi, one with hole expres-
sions and one with polymorphic gradual typing, we
defined a calculus that can give dynamic meaning
to incomplete programs with polymorphism.

In this paper, we adopted explicit parametric
polymorphism like System F and explicit sealing

(and unsealing) of PolyG”. To reduce program-



Syntax
Terms M —:= (M:A)
+ o= (AE) 1 M | (AE) | M | hide X = A; M | injgM
| pack” (X = A", [AC?,...], M) | seal, M | unseal, M
| (G« ?< HM

Typing

I'M: A; T,
THEQ:7?;- r=(M): 7,1,

I'-M: H;T,
r-(G«?<HM:G;T,

I'tA I'EM:B;-
TEA)): AM:A— B;-

TFM:A;- X'¢T  TFM:VWX. ATy T,TuFB X ¢T
THA().M:V'X".A4;- r-M{()=B}: A;Ty, X' =B

X' A MFM:B;- X' ¢TU
'k pack”(() = A, M) : F"X'.B;-

IFM:3X. ATy T,Tar,XFN:B;Tnx T,Tar,bTn T,Ta,Twb B
I' - unpack(X, ()) = M;N : B;T'y, 'y

FFMHVX/A,FM F,FALX/,xZAFN:B;FN F,FALF FN F,F]\47FNFB X’%F
I+ unpack((),z) = M;N : B;T'y, 'y

IFM:3X' ATy D,0y,X'FN:B;Iy D,Ta,FbDy X' ¢T
' unpack((),()) = M; N : B;Ty, 'y

PFM:AT, X=Ael,l, TFM:X:T, X=Ael,, TFM:%T, TFG
I'ksealgM : X;T, I'Funsealy M : A;T, I'+is(())?M : Bool; T,

I't-M:ATy I,I'mHN:B;I'n I'EM:A xA; Ty 'y BEN:B; 'y
Pklet () = M;N:B;Tm,I'n Tklet ((),()) =M;N:B;Tnu,I'n

I'EM:A xAy; Ty I\y,z: A1EN:B; 'y 'EM:A xAy;Tye U,y Ao N:B; 'y
Iklet (z,()) = M;N: B;Tm, 'y klet ((),y) = M;N: B;Ty, 'y

Fig. 16 Syntax and Static Semantics of PolyC"H

mers’ burden, more implicit polymorphic gradual  paper is Hazelnut Live, but it is rather a core cal-
typing as in [3][15] would be desirable. culus than a surface language. It is part of Hazel,

One of the languages that are mainly used in this  live functional programming environment that can



hide T’y C -; ()
(hide I' C T, I"; hide T, C I'); M*)
let () = M*; N+
sealg (M = X)*
unsealg (X § M)

(whereI'H M : A;T,, A~X and X ¥ BeI,T,)
(where M : A and A?5: AC?)

(where ' () : 7;T)
(where T, TV + M : A;T,)

(where M : X)

let(z, ()) =?x? 3¢ M; Nt
let((), ) =?x? ¢ M;N*t

M) : A.M A() : A.hide - CT'o; M where M : A; T,
AM)T A + A
(M NYt = (?—=?3M)(N :: dom(A))™" (where M : A)
(pack” (() =2 A, M))™ = pack’(() = A, hide - C Ty, M) (where M : B;T,)
(unpack ((),z) = M;N)* = unpack((),z) = 3"X’.?  M;hide I'yjxs CTp; NT (X" ¢T,T,)
(unpack (X, ()) = M;N)* unpack(X, ()) = 3"X.? $ M;hide Tyjx CTn; NT
(unpack((), ()) = M;N)* = unpack((), ()) =3F"X".? § M;hide Tyjx» CTn; Nt (X' ¢ T,T,)
A*().M* = A”().hide - C To; M*
M{O=BY = (#X'2 M) = B} (X' ¢T.T,)
GiM = (tagg(Q)) L M* (when M : 7)
GiM = MT" (otherwise)
hide Ty C (Tp, X & A); M = hide I's C T'y; hideX & A; M (X ¢T,)
hide Iy C (I, X); M = hide I's C Iy; hide X 2 7; M (X ¢T.)
hideI's C (T'p,z: A); M = hide s CTylet z = (); M (x ¢Ts)

hide (Ts, X =2 A) CTy; M =

hide T's C Tp;let 2’ = (AY X.true){X = A}; M

(X ¢Tyand o' ¢ T, T,)

Fig. 17 Elaboration from PolyG“H to PolyC"H

type-check and run programs with holes. Hazel is
based on two core calculi, Hazelnut [8] and Hazel-
nut Live[7]. Hazelnut defines edit actions that au-
tomatically insert holes and ensure every editor
state has static meaning. Hazelnut Live provides
dynamic semantics to those programs to inform
programmers how their (incomplete) program will
work. As future work, we may also consider edit ac-
tions for our polymorphic gradual language, after
which we may be able to extend Hazel with para-

metric polymorphism. The biggest challenge would

be how to determine the environments around non-
empty holes, which at preset are just assumed to
be given like oracles.
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Finals F == V|I
Indets I =
is(G)?F

O [F) [(G =7 = H)F

where F' # injy F

A): A M| AY(). M | M{() = A}

pack” () & A, M) | unpack((), ()) = M; N
unpack(X, ()) = M; N | unpack((),z) = M; N
sealgy M | unsealgy M | is(())?M

let () = M; N [ let ((), () = M; N

let (2, () = M; N | let ((),) = M; N

sealoI | (I,F) | (V1) | injo!

unseal
IF
I{X>A}

where I # sealo M
where I # (A= — AS) t M
where I # (V' X.A5) I M

unpack(X,z) =I; M

let(z,z) = I; M

where I # (M, M)

(AR 5 A 3T | (WX AS 3T 3" X. A5 31

(AT x AT) T T
(tagg(AR)) L 1

is(G)? I

|
|
|
|
|
|
|
|
| if I then M else M
|
|
|
|
|
|
|
|
|

where I # (M, M)
where I # injos M
where I # injg, M

Fig. 18 Final Forms of PolyC"H

Evaluation Context

E +:= (E)|(G«?<HE

Dynamic Semantics

E[(tagg (A=) L injy F]

—  E[(AE) | (G« ? < H)F]

Fig. 19 Dynamic Semantics of PolyC"H
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